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Recall: R=RyUR_C Eandr=dimE. II = {ay, -+ ,a,.} C Ry is the set of simple roots.
For any a € Ry, a =) n;a; for n; > 0.

Example 1 R = {e; —ej,i # j} C R"™1/(1,--- ,1).

Ry ={e;i—e;,i <j}

H={a =€ —ez,-,0n =€y —e€ny1}.

Can one recover R from II, and for different choices of polarization do we get “different” II?
Note that R = Ry U R_ depends only on the signs of (¢, ). It changes when (¢, ) =0, i.e.,
t crosses the hyperplane H, = {\|(a, A\) = 0}.

Definition 1 A Weyl chamber is a connected component of E\ U H,,.

Each Weyl chamber is the intersection of half-spaces so it is a convex polygonal cone. There
are only finitely many.

Lemma 1 C — R = RY URY, where RY = {a : a(C) > 0} is a bijection between Weyl
chambers and polarizations.

The inverse map is R = R UR_ to Cy = {t € E|(a,t) > 0 for all « € Ry} = {t €
E|(t,a;) > 0 for all a; € IT}.

If (t,;) > 0 for all o; € II then for all @ € Ry (¢, ) = > ni(t, o) > 0.

Every Weyl chamber is bounded by exactly r hyperplanes, called the walls of the Weyl

chamber.

Definition 2 The Weyl group W of R C GL(E) is the group generated by S,,a € R.



Example 2 Let R = A, the root system of sl(n + 1). Then a;; = (e; — €;) just as s;j

transposes i and j. So S,; sends (t1,--- ,ti,--- ,tj, -ty to (tr,--- b5,

So W = Sn+1.

Some properties are that W C O(E) and |[W| > cc.

The first is obvious, the second is because W C S(R).

Theorem 1 1. W acts transitively on the set of Weyl chambers.
2. Fix R=RyUR_. Then W is generated by S; = Sa, for a; € 1L

3. For every root o there exists w € W such that w(a) € II so WII = R.

Corollary 1 1. R can be recovered from II.
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2. Say R =Ry UR_ = R/, UR’_, with simple root sets ILII'. Then II' = wIl for some

w e W.

Lemma 2 Fiz R= RyUR_ and let W' = (S;), the group generated by the simple reflections.

Then W' acts transitively on the set of Weyl chambers.

It suffices to prove that for a Weyl chamber C, there exists w € W’ such that w(Cy) = C.
Let ¢ be the number of hyperplanes seperating C' and Cy. Take a segment connecting a point
in C' with a point in C,. It will intersect all these ¢ hyperplanes and only them at isolated
points. Then C; = Sg,(Ch),Ca = Sp,(C1), and so on to C = C; = Sg,(Ce—1). ... Proof of

theorem from lemma:

1. Obvious

2. Let § € R and C be a Weyl chamber such that Hg is a wall of C. Then C' =
w(Cy); Hg = w(wall of Cy) = w(H,,) for some a; € Il and w € W'. So 8 = fway.

Then S5 = ws;w™! € W',

3. We already know 8 = +w(«;). If 8 = —wa; then 8 = wS;(«;).



